The projective planes of order n with a collineation group acting 2-transitively on an arc of length v, with n > v n/2, are investigated and several new examples are provided.
Introduction and main results
A classical subject in studying finite geometries is the investigation of a finite projective plane Π of order n admitting a collineation group G which acts 2-transitively on a v-arc O of Π . The first remarkable result related to this problem dates back to 1967 and it is due to Cofman [10] . In that paper the author investigates the case v = n + 1, that is when O is an oval. Cofman proves that Π is Desarguesian and O is a conic when n is odd, under the additional assumption that all involutions in G are homologies of Π . Few years later, Kantor [35] shows that Cofman's result can be reached when O is an oval and Π has odd order n, only requiring that G contains involutory homologies. Finally, in 1978 Korchmaros [39] shows that the assumption on involutions can be totally dropped. Also the case when O is an oval in a finite projective plane of even order n has inspired much work. This case has been essentially solved by Bonisoli and Korchmaros [7] in 1995, except when G is either a Suzuki group or a semilinear 1-dimensional affine group. Maschietti [43] has recently solved the first case. The second one is essentially still open, despite several refinements due to Bonisoli [8] and to Biliotti and Francot [5] .
In 1986 Abatangelo [1] dealt with the case v = n + 2, that is when O is a hyperoval, proving that either Π ∼ = PG (2, 2) or Π ∼ = PG (2, 4) . More recently, Biliotti and Francot [5] investigated the case v = n, showing that the arc O can be extended to an oval and G AΓ L (1, v) . As a result of all these investigations an almost complete classification of the doubly transitive arcs of length v n has been achieved. When the length v of O is smaller than n, but close to n, doubly transitive arcs seem to be rare. Nevertheless it seems possible to obtain a complete, or almost complete, classification even though sporadic examples in small planes are not easy to be determined. A first result in this direction is the paper of Biliotti and Montinaro [6] where the authors provide a characterization of the case v = n − 3. Aside from the trivial cases, the plane Π must have order 9 or 16 and G is isomorphic to PSL (2, 5) or AGL (1, 13) , respectively.
The aim of this paper is to investigate the finite projective planes Π of order n admitting a collineation group G which acts 2-transitively on a v-arc O of Π , under the assumption v n/2. Throughout the paper, the cases when G induces an almost simple group or an affine group on O are investigated separately and for each of them new examples are given. In particular, the following result is obtained:
Theorem 1. Let Π be a projective plane of order n and let G be a collineation group acting 2-transitively on a v-arc O of Π . If v n/2, then one of the following occurs:
(1) v = n + 2, O is a hyperoval and either n = 2 and A 4 G S 4 , or n = 4 and A 5 G S 6 .
(2) v = n + 1 and either (a) n is odd, Π is Desarguesian, O is a conic and PSL(2, n) P G, or (b) n is even and one of the following holds: (i) Π is Desarguesian, O is a conic and PSL(2, n) P G;
(ii) Π is a dual of a Lüneburg plane of order 2 2r , r odd, r 3, and Sz(2 r ) P G; (iii) n ∈ {2, 4} or v is a prime power, v ≡ 3 mod 4, and G AΓ L (1, v) , or v = 7 2 , 11 2 , 23 2 , 29 2 or 59 2 . (3) v = n, v is a prime power, O is extendable to an oval and either G AΓ L (1, v) or v ∈ {5 2 , 7 2 , 11 2 , 23 2 , 29 2 , 59 2 , 3 4 , 3 6 }. (4) v < n and G AΓ L (1, v) . Moreover, one of the following occurs:
(a) v is even and n = 2v; (b) v is odd, v = n − 1, n ≡ 0 mod 4 and the involutions in G are elations; (c) v is odd, n is a square and the involutions in G are Baer collineations. (2, 9) , O is a complete 6-arc and PSL(2, 5) P G.
The assumptions of Theorem 1 with the additional assumption v n lead to the cases (1)-(3) (see [5, Theorem 4.4] and [43, Theorem 1.2] ). So, our task is to complete the proof of Theorem 1 under the assumption v < n. Nevertheless the case v = n − 3 has already been determined in [6] . So, we use sometimes the result in [6] in our proof. The cases when the socle of G is nonabelian simple and the case where it is solvable are investigated separately in Sections 3 and 4, respectively.
We remark that examples of type (4)(a) and (4)(c) occur in the Desarguesian planes, and examples of type (4)(b) occur in the Lorimer-Rahilly translation plane of order 16 and in the Johnson-Walker translation plane of order 16 . A complete description of these examples is given in Section 4.
Preliminaries
We shall use standard notation, and Hering's notation [22] to denote the different types of substructures of the projective planes. For what concerns finite groups the reader is referred to [33] . The necessary background about finite projective planes may be found in [31] .
Let Π = (P, L) be a finite projective plane of order n. If G is a collineation group and P ∈ P (l ∈ L), we denote by G(P ) (by G(l)) the subgroup of G consisting of perspectivities with the center P (the axis l). Also, G(P , l) = G(P ) ∩ G(l). Furthermore, we denote by G(P , P ) (by G (l, l) ) the subgroup of G consisting of elations with the center P (the axis l). A collineation group G of Π is said strongly irreducible on Π , if G does not fix any point, line, triangle and any proper subplane of Π . Moreover, a collineation group G of Π is said totally irregular on Π , if G X = 1 for each point X of Π . Now, we prove the following numerical lemma which will be useful in order to get through our task. Proof. Consider the Diophantine equation
Then (x − 1)(x + 1) = 2q j . Thus x > 2 and q must be even. Hence (1) Consider the Diophantine equation
By managing (2), we obtain the Pythagorean equation
Then (x −q j −1)(x +q j +1) = q 2j . Hence, we have x −p rj −1 = p 2rj −h and x +p rj +1 = p h , where rj < h 2rj . Thus j > 0 and
Suppose that h = 2rj . Note that 2rj − h < rj and 2rj − h < h, since rj < h 2rj . Thus, dividing in (3) by p 2rj −h , we obtain that p 2rj −h = 2. Hence h = 2rj − 1. Then (3) becomes 4 + 2 rj +1 = 2 2rj −1 . It is easily seen that this equation has no positive integer solutions. Hence h = 2rj . Then (3) becomes 3 + 2p rj = p 2rj and hence (x, q j ) = (5, 3). This completes the proof of (ii). Consider the Diophantine equation
Assume that q is even. A contradiction, since x 2 ≡ 2 mod 4 being j > 0. Now, assume that j = 3 and q is a power of 3. Clearly (4) becomes x 2 = 2(q + 1)(q 2 − q + 1). In particular, (q + 1, q 2 − q + 1) = 1, since q is a power of 3. Thus there exists a divisor z of x such that z 2 = q 2 − q + 1, since q 2 − q + 1 is odd. A contradiction, since (q − 1) 2 < (q 2 − q + 1) < q 2 being q > 1. This completes the proof of (iii). Finally, consider the Diophantine equation
Then 2 | x 2 but 4 x 2 , since q 2j + q j + 1 is odd. A contradiction. This completes the proof of (iv). 2
The nonabelian simple case
In this section we analyze the case where Π is a finite projective plane of order n and O is a 2-transitive G-arc of length v with n > v n/2, under the assumption that the socle of G is nonabelian simple. In particular, we prove the following theorem.
Theorem 5. Let Π be a finite projective plane of order n and let O be a 2-transitive G-arc of length v, with n > v n/2. If G is an almost simple group, then Π ∼ = PG (2, 9) , O is a complete 6-arc and PSL(2, 5) P G.
We start our investigation by giving some preliminary reductions for the structure of G. Assume
Lemma 7. Let L be a nonabelian simple group acting 2-transitively on a set of size
Proof. Assume that L ∼ = A v . Then the assertion follows by [33, Satz IV.4.6] and by [15, 
, (2, 9) , (2, 11) by [12] . If d = 2, the assertion follows by [33, Hauptsatz II.8.27] , unless (d, q) = (2, 5), (2, 7) , (2, 9) , (2, 11) . If d = 3, then the assertion follows by [18] and [46] , unless (d, q) = (3, 2). The group SL(3, 2) ∼ = PSL (2, 7) is an exception when we refer to its 2-transitive permutation representation of degree 7. Now, assume that
, and we have the assertion in this case. (4, 4) , (4, 5) , (4, 2), (5, 2), (6, 2) . Actually the case (d, q) = (4, 2) is ruled out, since it does not satisfy the condition d 0 (L) = v. For the remaining cases the assertion follows by a direct inspection of the list given in [15, Appendix B] . For the groups L ∼ = PSU (3, q) and q > 3, L ∼ = Sz(q) and q = 2 2k+1 , k 1, L ∼ = 2 G 2 (q) and q = 3 2h+1 , h 1, the assertion follows by [18] and [46] , by [55] and by [38] , respectively, since d 0 (L) = v. Finally, for the sporadic simple groups the assertion follows by a direct inspection of [11] . 2 Lemma 8. Let Π be a finite projective plane of order n and let O be a 2-transitive G-arc of length v,
Proof. Deny. Then G is one of the groups listed in Lemma 7. Assume that G ∼ = A v , v ∈ {5, 6, 7, 8}. Assume that v 7. Let ζ be any 3-cycle. Then ζ fixes v − 3 points on O. Let P be a point on O fixed by ζ . Then ζ fixes at least v − 4 lines through P . In particular, ζ ∈ G P and G P ∼ = A v−1 . Assume that n + 2 − v < v − 1. Then the number of tangents to O through P is less than the minimal permutation representation degree of A v−1 . Thus G P fixes all the n + 2 − v tangents to O through P . So, ζ fixes exactly (n + 2 − v) + (v − 4) lines to O through P . Hence ζ fixes a subplane of Π of order n−3. Then (n−3) 2 n by [31, Theorem 3.7] . A contradiction, since v 7. Hence n + 2 − v v − 1. Actually, n + 2 − v = v − 1 + i with i ∈ {0, 1, 2, 3}, since n 2v. Note that G P ∼ = A v−1 must have a nontrivial orbit on the set of tangents to O through P , otherwise this case is ruled out by the above argument. Then G P fixes exactly i tangents to O through P and acts 2-transitively on the remaining v − 1 tangents, since d 0 (G P ) = v − 1 and d j (G P ) > v + 3 for j > 0 by [15, Appendix B] . Thus ζ is a planar element of G fixing exactly 2(v − 4) + i − 1 lines through P . Hence (2v − 9) 2 n 2v by [31, Theorem 3.7] . A contradiction, since v 7. Hence v ∈ {5, 6}. Let v = 6, then 6 < n 12. Actually n = 9, 10 and 12 by [6] , by [31, Theorem 13.18] , and by [34] , respectively. Clearly Π ∼ = PG(2, n) for n = 7 or 8. By [44] , Π ∼ = PG(2, 11) also for n = 11. Nevertheless these cases are ruled out by [54, Proposition 15] . Let v = 5. Then 5 < n 10. Each case, but n = 6 or 9, is ruled out by the same argument as above. Actually, also the case n = 6 cannot occur by [31, Theorem 13.18] . Hence n = 9. Then Π ∼ = PG (2, 9) by [26, Theorem C] . A contradiction by [54, Proposition 11] .
Assume that G ∼ = PSL(2, 7). There exists an involution α in G fixing 3 points on O, since v = 7 and the stabilizer in G of any point of O is isomorphic to S 4 . Hence, α is a Baer collineation of Π by Lemma 3. Then n = 9, since 7 < n 14 and n is a square. Furthermore, Π ∼ = PG (2, 9) by [26, Theorem C] . A contradiction by [54, Proposition 6] .
Assume that G ∼ = PSU (3, 3) . Let σ be any involution of G. Then σ fixes exactly 4 points on O, since G acts on O in its 2-transitive permutation representation of degree 28. Then σ is a Baer collineation of Π , since O is an arc. Thus n ∈ {36, 49}, since 28 < n 56 and n is a square. Nevertheless the cases n = 36 and n = 49 cannot occur by [31, Theorem 3.6] and by [26, Theorem A], respectively.
Assume that G ∼ = Sp(2h, 2) with h 3. The group G contains an involution fixing 2 2h−2 points on O by [15, Example 5.4.3] . Such an involution is a Baer collineation of Π and √ n 2 2h−2 − 2. Hence (2 2h−2 − 2) 2 2 h (2 h + 1) by [31, Theorem 3.7] . A contradiction, since h 3.
Assume that G ∼ = PSL (2, 11) 
. 
Proof. Suppose that G is not strongly irreducible on Π . Then G fixes a point, or a line or a subplane of Π , since G is nonabelian simple.
• Assume that G fixes a point P ∈ Π .
Clearly P ∈ Π − O. Furthermore, each line through P intersecting O is a tangent to O, since G is primitive on O. Let E be the set of external lines to O through P . Then n + 1 = |E| + v. 
Then either |E| = v and n = 2v − 1 or |E| = v + 1 and n = 2v, since n 2v. Thus the assertion (1).
• Assume that G fixes a line l on Π .
We may also assume that G does not any point on l, since we have already got through this case. Thus l is union of nontrivial G-orbits. Then n + 1 = 2v by Lemma 8, since n > v. Thus the assertion (1).
• Assume that G is irreducible on Π but it leaves a proper subplane Π 0 of Π invariant.
Clearly G is irreducible on Π 0 . Thus Π 0 is union of nontrivial G-orbits of points. Then
where m = o(Π 0 ) and the coefficients a i are nonnegative integers such that 
This yields (q − 1) 4 n by [31, Theorem 3.7] , since Fix(E) ∩ Fix(C) is a plane of order at least q − 1. Then q = 3, since n 2v with v = q 2 + q + 1 and since G is nonabelian simple. Then either n = 16 or n = 25, since 13 < n 26 and C consists of a Baer involution for q = 3. Actually, the case n = 16 cannot occur by [6] , since v = 13. Hence n = 25. Let X ∈ O and let S be a Sylow 2-subgroup of G X . Then |S| = 16, since G ∼ = PSL (3, 3) and |O| = 13. It is easily seen that there exists an involution α in S fixing at least 4 tangents to O through X, since |S| = 16 and there are 14 tangents to O through X. On the other and, α fixes exactly 3 secants to O through X, since α fixes exactly 4 points on O. Hence, α is a Baer collineation of Π fixing 7 lines through X. A contradiction, since n = 25. 
It is easily seen that θ 2, since v 5. Assume that θ = 2. [31, Theorem 13.18 ], since n = 2v. Hence, we may assume that each involution in G is a Baer collineation of Π and n is a square. By a direct inspection of the list given in [37] filtered with respect to the conditions d 0 (G) = v and n square, where either n = 2v − 1 or n = 2v, we have the following admissible groups:
The argument inside the proof of Lemma 8 can be used to show that actually v 9. Let ζ be any 3-cycle. Then ζ fixes v − 3 points on O. Then ζ fixes a subplane of order v − 5, since O is an arc. Then (v − 5) 2 2v by [31, Theorem 3.7] , since n 2v. This yields v = 9, since v 9. Then either n = 17 or n = 18. A contradiction in any case, since n must be a square.
Assume
and (2, 3). It is easily seen that G contains a p-element τ fixing
Then τ fixes a subplane of Π of order at least Proof. Suppose that G contains perspectivities. These are involutions by Lemma 3. Assume that n is even. [28, Theorem 2] , since G is totally irregular and strongly irreducible on Π . Actually, the group G ∼ = PSL(3, 2 t ) cannot occur. Indeed, each involution in G fixes 2 t + 1 > 5 points on O, contrary to the fact that G contains involutory elations of Π . Hence G ∼ = PSU(3, 2 t ) with t > 1. Let S i , i = 1, 2, be two distinct elementary abelian 2-subgroups of G of maximal order such that S 1 , S 2 = G (see [18] ). Then S i fixes a point C i on O and acts semiregularly on O − {C i }, for each i = 1, 2. Furthermore, S i does not contain perspectivities of center C i by Lemma 3. Thus S i = S i (l i , l i ) for some tangent l i to O in C i , since S i is abelian. Then G fixes the point l 1 ∩ l 2 , since S i fixes l i pointwise for i = 1, 2. A contradiction, since G is strongly irreducible on Π . Hence, we may assume that n is odd. Since G is a strongly irreducible and totally irregular group of Π containing involutory homologies and such that d 0 (G) = v, then G is one of the group listed below by [21] , [23] and by [28, Theorem 1] :
The case G ∼ = PSL (3, q) and Π ∼ = PG(2, q) cannot occur, since it contradicts the assumption n > v. Also the case G ∼ = PSU(3, q) cannot occur. Indeed, in this case each involution in G fixes q + 1 4 points on O, contrary to the fact that each involution in G is a homology of Π . Now, assume that G ∼ = A 7 and v = 15. Let β be any involution in G. Then β fixes 3 points on O by [48, Theorem 7.1 and Table I] . A contradiction by Lemma 3, since G must contain involutory homologies. Hence G ∼ = PSL(2, q) with q odd and q / ∈ {5, 7, 9, 11}. Let P be any point of O. Denote by T the subset of all tangents to O through P . Then the Frobenius group
acts on T . Let C be a Frobenius complement of G P . Assume that 1 < C l < C for some l ∈ T . Then C l fixes at least 2 tangents to O through P , since C l C being C cyclic. Assume that C l contains an involution α. Clearly α fixes one point Q on O −{P }, since v = q + 1 and q is odd. Thus α fixes at least 3 lines through P , namely P Q and the tangents to O in P fixed by C l . Therefore α is a homology with center P . A contradiction by Lemma 3. Thus C l has odd order. Let σ be an involution in G normalizing C l . Then C l fixes at least 2 tangents to O through P σ . Hence C l is planar on Π . Furthermore, σ induces a perspectivity on Fix(C l ). Thus C σ and a σ lie in Fix(C l ). Let γ be a generator of C l , then σ and σ γ are distinct involutory homologies of Π both having center C σ and axis a σ . A contradiction by [23 
Note that the previous argument still works when C l = C and C fixes at least 2 tangents to O through P . As consequence, we may assume that C fixes at most one tangent to O through P and acts semiregularly on the remaining ones. Thus either
2 + q − 1 with θ 2, since n 2(q + 1) and q > 11. Actually θ = 1 and q ≡ 3 mod 4, since n must be odd. Therefore n = 2 (q − 1) by [31, Theorem 3.7] . A contradiction, since q > 11. As consequence, the points fixed by ζ , possibly except one, must be collinear. Let r be the line containing these points. Assume that P / ∈ r. Then the points fixed by ζ are the intersections between r and each line of T . Note that K fixes r, since K is abelian and since ζ cannot be planar. Thus K fixes the intersections between r and each line of T , since K fixes T elementwise. Therefore K must be semiregular on P Q − {P , Q} for each Q ∈ r ∩ t where t ∈ T , since K cannot contain planar elements. Then q | n − 1 and hence q = 5, since n = 3 2 (q − 1). A contradiction. Hence P ∈ r and r ∈ T . Assume that ζ fixes a point L not on r. Then L is the unique point fixed by ζ not on r, since ζ cannot be planar. Since Since |Fix(δ) − K| = 3q+1 2 , we have the following Diophantine equation:
It is easily seen that (8) Proof. Assume that G ∼ = PSU (3, q) . We may also assume that q is even, since the argument of Theorem 11 rules out the case q odd.
, where d = (3, q + 1). Then C is planar on Π , since C fixes q + 1 points on O by [30] and q > 2. Again by [30] , the group N G (C)/C ∼ = PGL(2, q) acts on Fix(C)∩O in its 2-transitive permutation representation of degree q +1. . Then q 4 2(q 3 + 1), since n 2v and v = q 3 + 1. A contradiction, since q > 2. Hence, we may assume that each nontrivial element in U 0 is a perspectivity of Fix(C), since the involutions in U 0 lie in a unique conjugate class. Furthermore, any two distinct commuting perspectivities cannot have the same center, since Fix(C) ∩ O is an arc of odd length of Fix(C) and each Sylow 2-subgroup of K fixes exactly one point on Fix(C) ∩ O and it is regular on the remaining ones. Assume that q = 4. Then U 0 must be an elation group of Fix(C) by [36] , since U 0 is an elementary abelian 2-group of order q 8 and since any two distinct commuting perspectivities cannot have the same center. In particular, U 0 induces on Fix(C) a group of elations with the same axis s, where s is a tangent to Fix(C) ∩ O, since U 0 is abelian. Hence U 0 fixes exactly q + 1 collinear points, namely Fix(C) ∩ s. Let U be a Sylow 2-subgroup of G containing U 0 and let β, γ ∈ U 0 such that β = γ . Recall that each involution in G is a Baer collineation of Π . Assume that
Nevertheless there exists an element in β, γ ∼ = E 4 fixing b ∩ O pointwise, since |b ∩ O| = 2 and Fix(β) = Fix(γ ). A contradiction. As a consequence, γ induces on Fix(β) either a Baer collineation or a perspectivity. Assume that γ induces on Fix(β) a Baer collineation. Then
A contradiction by [31, Theorem 3.7] , since the order of Fix(γ ) ∩ Fix(β) is at least q while n 2(q 3 + 1) and q > 2. Hence, we may assume that each involution in U 0 − {β} induces a perspectivity of axis
So q 3 √ n in any case. That is q 6 n. A contradiction, since n 2(q 3 + 1). Assume that q = 4. Then √ n = 9 or 10 or 11, since 65 < n 128. The case √ n = 10 is ruled out by [31, Theorem 13.18] . If √ n = 11, then G must contain involutory homologies by [26] , contrary to our assumption. Hence √ n = 9. Assume that U and β are defined as above. Then group induced by U on Fix(β) has order 32. A contradiction, since √ n = 9. Thus the assertion. 2 (2, q) . In particular, the group H leaves Fix(σ ) invariant and H acts in its 2-transitive permutation representation of degree q + 1 on O σ .
Lemma 14. Let Π be a finite projective plane of order n and let
(A) H is strongly irreducible on Fix(σ ).
Assume that H fixes a line z of Fix(σ ). Clearly z ∩ O σ = ∅. Assume that the involutions in H are perspectivities of Fix(σ ) (recall that the involutions in H lie in a unique conjugate class). Then z cannot be the axis of any perspectivity of H , since H fixes z and H is nonabelian simple. Thus, ifβ is any involutory perspectivity lying in H and C is the center ofβ, then C ∈ z. Assume that H fixes C. 
Denote by A j , with j ∈ J , each H -orbit on E with stabilizer of a point containing a subgroup of H isomorphic to a Klein subgroup E 4 . Note that
We can associate in (10) the H -orbits A j having the same length. Hence, we obtain
where I ⊆ J and λ i 1 for each i ∈ I . Then (10) becomes
where l i ∈ A i for each i ∈ I . Since q ≡ 3 mod 8 and since E 4 H l i for each i ∈ I , then either for each i ∈ I , since q 27. Hence, by managing (11), we obtain 
(E 4 )| denotes the number of fixed elements in the H -orbit A i for each i ∈ I by any subgroup of H isomorphic to E 4 . Clearly, x i 3, since N H (E 4 ) ∼ = A 4 and E 4 N H l i (E 4 ). By managing (13) and by bearing in mind the relation λ = i∈I λ i , we obtain √ n + 1 3λ.
Now, composing (12) and (14), we have
Finally, composing (9) and (15), we obtain
Now, observe the
Then q = 27, since n 2(q 3 + 1). Moreover, √ n = 14 are ruled out by [34] and [31, Theorem 13.18] , respectively. Hence n = 13 4 . Let E = σ, γ , where γ is the involution in H inducingγ on Fix(σ ). Clearly, E is a Klein subgroup of G such that Fix(E) = Fix(γ ) by (B). Hence Fix(E) is a subplane of Fix(σ ) of order 13 by (B). In particular, the group N G (E) acts on Fix(E) with kernel, say K. 
by the Cauchy-Frobenius lemma. Thus |Z| | √ n( √ n − 1). Then either |Z| | √ n or |Z| | √ n − 1, since Z is a 2-group. Then |Z| √ n in any case. That is |Z| √ 2v, since n 2v. Thus the assertion. . Note that q / ∈ {5, 7, 9, 11}, since in these cases d 0 (G) < v. Moreover, the case G ∼ = PSL(2, q) with q even is ruled out by Lemma 15, since |Z| = q, while v = q + 1 and q = 4 (q = 4 since PSL(2, 4) ∼ = PSL(2, 5) and we proved that q = 5). Therefore G ∼ = PSL(2, q) with q odd and q / ∈ {5, 7, 9, 11}. e Let E be the set of the external lines to O. Then |E| = n 2 + n + 1 − |T | − |S|, where T and S denote the set of tangents and secants to O, respectively. As |T | = (q + 1)(n + 1 − q) and |S| = q+1 2 , then
In particular, |E| Fix( α, β ) Fix(α) . Thus, α and β share at least √ n + 1 lines of Π . On the other hand, α and β share either 0 or 3 secants to O according to whether q ≡ 3 mod 4 or q ≡ 1 mod 4, respectively. Hence, any Klein subgroup of E fixes at least √ n − 2 lines on E in any case.
Denote by B j , with j ∈ J , each G-orbit on E with stabilizer containing a Klein subgroup E 4 . Note that |B j | > 1 for each j ∈ J , since G is strongly irreducible on Π . Furthermore
We can associate in (19) the G-orbits B j having the same length. Then we obtain i∈I λ i |O i | = j ∈J |O j |, where I ⊆ J and λ i 1 for each i ∈ I . Then 
where λ = i∈I λ i . Therefore λ 5, since |E| 
since any Klein subgroup of G fixes at least √ n − 2 lines on E in any case. Then x i 3 for each i ∈ I , since N G (E 4 ) ∼ = A 4 and E 4 N G l i (A). As a consequence, i∈I λ i x i 3λ. By managing (22) , we obtain
Then √ n 17, since λ 5. A contradiction, since q 307 and n > q + 1. Assume that q ≡ ±1 mod 8. Then N G (E 4 ) ∼ = S 4 for any E 4 in G and there are two conjugate classes of Klein subgroups in G by [14, §246] . For each i ∈ I denote by x (1) i and x (2) i the number of fixed lines in B i by any Klein subgroup of G which lies either in one or in the other conjugate class. In particular, by [47, relation (9) ], we have that
where h ∈ {1, 2}. Moreover, This yields √ n 32. On the other hand, √ n > 17, since q > 307 and n > q + 1. Thus the assertions (1) and (2) .
Assume that PSL(2, √ q ) G l r for some r ∈ I . Clearly q must be a square. Then [G :
Then, by managing (20) , we obtain
where
Recall that there are two conjugate classes of PSL(2, √ q ) and PGL(2, √ q )
in G by [14, §255] . Denote by C 1 and C 2 these classes. Denote by μ (j )
the number of G-orbits on E such that the stabilizer of a line contains a subgroup isomorphic to PSL(2,
√ q ) lying in C j , where j = 1 or 2. Then (26) becomes
where μ = μ (1)
1 . Furthermore, by [47, Table III] , it is easily seen that x i 6 for each i ∈ I , since G l i cannot be isomorphic either to A 4 , or to S 4 , or to A 5 , being q 307. Thus √ n−2 6 λ by (25) . Moreover, μ 2 5 arguing as above with μ 2 in the role of λ.
Step
For q > 19 2 there are at most two of G-orbits on E having the stabilizer of a line isomorphic to the group PGL(2, √ q ).
Denote by ϑ the number G-orbits on E having the stabilizer of a line isomorphic to PGL(2, √ q ). Let γ an element in G of order 4. Then γ fixes at least
lines in any of these ϑ orbits by [47, 
At this point it is a straightforward calculation to show that ϑ 2 for q > 19 2 , since n 2(q +1).
Step 2. Step 3. n 15 4 .
By
Step 2, all the lines of E which are fixed by a H , possibly except one, are concurrent to a point X. Hence, there are at least μ 
, we obtain
Now composing (28) 
Proof. Clearly G ∼ = PSL(2, q), q is a power of an odd prime and q / ∈ {5, 7, 9, 11} by Lemma 16. Recall that each involution in G must be a Baer collineation of Π . Hence n is a square. With the aid of GAP [17] , we solve the Diophantine equation n = q + k, where n is a square and 1 < k < q + 1 and with respect to the reductions for n and q provided by Lemma 16. For each solution (n 0 , q 0 , k 0 ) found, we evaluate |E(n 0 , q 0 , k 0 )|, where E(n 0 , q 0 , k 0 ) denotes the set of external lines to O corresponding to the solution (n 0 , q 0 , k 0 ). Clearly E must be union of nontrivial Gorbits, since G is strongly irreducible on Π . Since the length of each nontrivial G-orbit is a multiple of a degree d j = d j (n 0 , q 0 , k 0 ), j 0, of a primitive permutation representation of G, then we evaluate the primitive representation degrees of G less than |E|. Hence each solution (n 0 , q 0 , k 0 ) must be also a solution of the Diophantine equation |E| = j θ j d j . We also filter the solutions of the Diophantine equation n = q + k with respect to the conditions arising from [26, Theorem A] , since the involutions in G must be Baer collineations of Π . Moreover, when q 307 and q is a nonsquare we select the solutions satisfying the inequality
n(n − q) + q(q − 1) 2 arising from the composition of the inequalities (18), (21) and (23) of Lemma 16. We stress that the same computer search is made for q 307 and in this case we take in consideration that there might be G-orbits on E with stabilizer of a point isomorphic to A 4 or S 4 or A 5 . As a result of this search, we obtain (q, n) = (13, 2 4 ), (13, 5 2 ), (17, 5 2 ), (31, 2 6 ), (37, 2 6 ), (181, 17 2 ), (181, 2 8 ) . Nevertheless, it is easily seen that no one of these cases geometrically occurs. Indeed, in these cases, for each involution σ in Proof. By the classification of the finite 2-transitive groups (e.g. see [37] ) and by Lemmas 13, 14, Proposition 17 and by the argument of Theorem 11 for G ∼ = A v , we have to investigate the following groups in order to prove the present theorem: 
Assume that G ∼ = M 12 (2, 9) , O is a complete 6-arc and G ∼ = PSL (2, 5) . Table 1 (see [37] ).
Proof. The nonabelian simple groups such that d 0 (G) < v are listed in
Assume that G ∼ = PSL (2, 5) . Then 6 < n 12. The cases n = 10 and n = 12 are ruled out by [31, Theorem 13.18] , and [34] , respectively. If n = 7 or 8, then Π ∼ = PG (2, n) . Also for n = 9 and n = 11, we have that Π ∼ = PG(2, n) by [6] and [44] , respectively. Therefore Π ∼ = PG(2, n) in any case. Actually n = 9 by [54, Proposition 15] . Hence the assertion.
Assume that G ∼ = PSL(2, 7). Then 8 < n 16. The cases n = 10, 12 or 14 cannot occur by the same argument as above. Furthermore, the case n = 15 cannot occur by [27] . In the remaining cases, but n = 16, we have that Π ∼ = PG(2, n) by [26, Theorem C], [44] and [45] , respectively. Nevertheless these cases are ruled out by [54, Proposition 15] . Finally, the case n = 16 cannot occur by [13, Assume that G ∼ = PSL(2, 9). Then 10 < n 20. Assume also that G contains involutory perspectivities. Let A ∼ = E 4 . Then A fixes a triangle whose vertices lie in Π − O and whose sides are secants to O. Thus each involution is a homology and hence n is odd. In particular, n 19. Let X ∈ . It is easily seen that Thus n is odd. As consequence n is a prime, since the cases n = 15 and n = 21 cannot occur by [27] , and by [31, Theorem 3.6], respectively. Then Π ∼ = PG(2, n) by [25, Remark 6.1], since n is a prime and n < 24. A contradiction by [54, Proposition 15] .
Assume that G ∼ = PSL (4, 2) or G ∼ = A 7 . Note that A 7 G in any case. Hence we may assume that G ∼ = A 7 in order to investigate both cases at the same time. Any involution in G fixes exactly 3 points on O by [48, Theorem 7.1 and Table I ]. Thus any involution in G is a Baer collineation of Π by Lemma 3. Hence either n = 16 or n = 25. Actually the case n = 16 cannot occur by [13, Results 4.6(a) and (b), and 4.8(i)], since G X ∼ = PSL(2, 7) for any X ∈ O and G X is transitive on the 14-arc O − {X}. Hence n = 25. Note that G X acts on the set of K of tangents to O in X. Clearly |K| = 12. Denote by k the number of elements in K fixed by G X . Since the primitive permutation representation degrees of G X less than 12 are 7 and 8, we have that 12 = k + 7a 1 + 8a 2 with a 1 , a 2 0. It is easily seen that (k, a 1 , a 2 ) = (4, 0, 1) , since each involution in G X is a Baer collineation of Π and n = 25. Let γ ∈ G X such that o(γ ) = 4. Then γ does not fix any point on O − {X}, γ 2 fixes exactly two distinct points X 1 and X 2 on O − {X} and X 1 γ = X 2 by [48, Theorem 7.1 and Table I ]. Denote byγ the collineation induced by γ on the Baer subplane Fix(γ 2 ). Thenγ must be an involutory perspectivity of Fix(γ 2 ), since Fix(γ 2 ) has order 5 and X 1γ = X 2 with X 1 , X 2 ∈ Fix(γ 2 ). Nevertheless,γ fixes exactly 4 lines in [X] ∩ Fix(γ 2 ), namely those fixed by the whole group G X , since X 1 Xγ = X 2 Xγ . A contradiction.
Assume that G ∼ = PSU (3, 5) . Note that any involution σ is a Baer collineation of Π , since σ fixes 6 points on O. Thus n is a square. Hence √ n ∈ {12, 13, 14, 15}, since 126 < n 252. By [31, Theorem 13.18] , the case √ n = 14 cannot occur. Also the cases √ n = 12 or 15 cannot occur by [34] and [27] , respectively, since C G (σ )/ σ ∼ = PGL (2, 5) . Hence √ n = 13. Then Fix(σ ) ∼ = PG(2, 13) by [45] . A contradiction by [ 
The solvable case
In this section we analyze the case where Π is a finite projective plane of order n and O is a 2-transitive G-arc of length v with n > v n/2, under the assumption that the socle of G is solvable. In particular, we prove the following theorem. Note that, in this context, the socle of G is an elementary abelian p-group for some prime p, since G is faithful and 2-transitive on O. Hence, the arc O is endowed with the structure of a d-dimensional vector space over GF(p) and the zero vector in O is denoted by O.
where T is the full translation group of O and G O GL(d, p).
We treat the case p = 2 and p odd separately.
Assume that p = 2.
Lemma 21. The following hold:
Proof. Assume that T contains a Baer collineation of Π . Then each nontrivial element in T is a Baer collineation of Π by [50, Proposition 4.2] , since G is 2-transitive on O. Note that T fixes a point P on Π , since n 2 + n + 1 is odd. Furthermore, each nontrivial element in T fixes exactly
That is 2 2d n. A contradiction, since n 2v, v = 2 d and v > 4. Hence, we may assume that T is a group of perspectivities of Π . Furthermore, any two of them cannot have the same center, since T is semiregular on O. Then T = T (l, l) for some line l external to O by [35] , since T is abelian and |T | > 4. That is the assertion (i). Let C ∈ l such that T (C, l) = 1 . Then all the lines through C intersecting O are secants to O, since T is semiregular on O. Let z be one of these lines and let 
Proof. Recall that
and O is identified with the zero-vector of V . Assume that d is even. Then each involution in G is an elation of Π , since n = 2 d+1 is a nonsquare. Then any involution fixes either 0 or 2 points on O by Lemma 3 (2) . Then G is solvable by [3] and [19] . Actually G O Γ L(1, n/2) by [32] (3, 2) and Z 7 fixes a nonincident point-plane pair in PG (3, 2) by [48, Table I ]. Clearly Z 7 is transitive on T 1 − {1}. Set O = O T 1 . Clearly O ⊂ H 0 . Moreover, the group T 1 .Z 7 is 2-transitive on 8-arc O, since Z 7 acts on T 0 − {1} and on H 0 − {O} in the same way by [50, Proposition 4.2] . Actually, the group T 1 .Z 7 splits H 0 in two 8-arcs and T 1 .Z 7 acts 2-transitively on each of them.
We remark that in the other known finite projective planes of order 16 there are no examples of 8-arc on which a group isomorphic to AGL(1, 8) acts 2-transitively (see [51] ). Now, assume that p is odd. (2, 8) there exists a 7-arc on which the group G ∼ = AGL(1, 7) acts 2-transitively. In particular, this arc is contained in a conic.
Let C be a conic of Π ∼ = PG (2, 8) . Clearly C is left invariant by PΓ L (2, 8) . Pick any Z 7 inside P Γ L (2, 8) . Then Z 7 fixes two points P 1 and P 2 on C and Z 7 acts regularly on 14 . σ , where σ is the collineation of Π "induced" by a Frobenius automorphism of GF (8) . A contradiction in any case by similar arguments to that used above, since α fixes exactly 3 points on l 1 or l 2 . As a consequence, we may assume that T is not semiregular on l i − {P }, with i = 1 or 2. Then there exists a nontrivial element φ in T fixing at least 2 points on l 1 − {P } and on l 2 − {P }, since c = 1. Thus φ fixes a subplane of Π of order at least 2p + 1, since k 2p + 2. Again a contradiction. Hence c = 0. Then p | n. Actually p 2 | n, since n is a square. Then n = 2p 2 , since p 2 < n 2p 2 . A contradiction by [31, Theorem 13.18] . Hence T does not fix any point on Π . In particular, p ≡ 2 mod 3 by [49, Theorem 94] . It remains to prove that the cases p = 7 and p = 19 cannot occur. Since n must be a square and p 2 < n 2p 2 , we have that (p, n) = (7, 81) by filtering the list p 2 < n 2p 2 , with p = 7 or 19, with respect to the conditions p | n 2 + n + 1, n a square and to Theorem 13.18 of [31] . Assume that T fixes a line. Then T fixes at least two lines, since p | n 2 + n + 1. Thus T fixes the intersection points of these lines. A contradiction. Hence, we may assume that T does not fix any line of Π . Clearly T does not leave any triangle invariant, since p = 7. Hence T is irreducible on Π . Nevertheless T is not semiregular on Π , since n = 81 while |T | = 7 2 . Then T contains a planar element δ by [ The Theorem 20 easily follows by Theorems 22 and 27. Now, the proof of Theorem 1 follows by combining the results of [5] and [43] for v > n with the results of Theorems 5 and 20 for n > v n/2. Example 28. There exists a complete 7-arc in PG(2, 9) on which the group G ∼ = AGL(1, 7) acts 2-transitively.
Example 29.
There exists a complete 13-arc in PG(2, 16) on which the group G ∼ = AGL(1, 13) acts 2-transitively.
Let Π = PG(2, q 2 ) where q = p r , r 1 and q > 2. Set G 1 = PGL(3, q 2 ) and G 2 = PΓ L(3, q 2 ). Let S be a Singer subgroup of G 1 . Then S is a cyclic group of order q 4 + q 2 + 1 acting regularly on the points of Π . In particular, there exists a unique conjugate class of S in G 1 and hence in G 2 (see [24, Corollary 4.7] ). Then Actually the cases q = 5 and q = 7 cannot occur, since q 2 − q does not divide 6. Hence, the admissible cases are q = 3 or 4. Then q 2 − q + 1 = 7 and 13, respectively. Hence O has length a prime number in any of these cases. Then K has prime order, since K is regular on O. Hence each nontrivial element in K is a generator of K. Pick α ∈ H P and suppose that α centralizes an element γ ∈ K, γ = 1. Then α fixes O pointwise by [50, Proposition 4.2] , since γ is regular on O being K = γ . So α = 1, since G is faithful on O. Thus G is a Frobenius group with kernel K and complement H P in its natural action on O, by [50, Proposition 17.2] . Thus G is 2-transitive on O. In particular, G ∼ = AGL (1, v) with v = q 2 − q + 1. Hence the Examples 28 and 29. Note that these examples were omitted in [54, Proposition 16] . Nevertheless, the case q = 4 is already contained in [6] , while the case q = 3 is new.
